Azimuthally coherent low-energy structures in the form of wavepackets are documented to play dominant role in sound radiation by subsonic turbulent jets. In earlier work, we have shown evidence of a coupling between the turbulent nozzle boundary-layer (NBL) disturbances and wavepackets in a M=0.9 turbulent jet, by means of two point statistics.
I. Introduction
Numerous studies have shown that turbulent jet dynamics contain axially elongated, azimuthally organised coherent structures, wavepackets, which play a key role in turbulent jet noise. [2] [3] [4] [5] The principle hallmarks of wavepackets can be modeled by solving the linearised Navier-Stokes equations. 6, 7 But questions remain regarding the mechanism by which the wavepacket amplitudes are set. The goal of this study is to provide clarification on this point.
Previous studies have shown that nozzle boundary-layer conditions influence both noise generation and downstream jet dynamics, 8, 9 but further analysis is required to explore the importance of nozzle boundary layer dynamics. We address the question as to what kind of framework is needed to model nozzle boundarylayer (NBL) structures. Spectral proper orthogonal decomposition (SPOD), first proposed by Lumley, 10 is a practical tool for educing coherent structures in turbulent flows, and has been employed extensively in the analysis of numerical and experimental data in turbulent jets. [11] [12] [13] [14] We use SPOD to the identify coherent structures within the nozzle and in the jet, and to seek a connection between the two regions. The results reveal axisymmetric coherent structures in the nozzle boundary-layer, and shows that these are linked to the wavepackets in the jet.
Motivated by the success of linear theory in modelling the wavepackets downstream of the jet exit, we use linear theory to model the NBL structures. Projection of the most-energetic axisymmetric NBL structures, which SPOD analysis reveals to be connected to the downstream wavepackets, onto a family of discrete eigenmodes enables identification of the amplitudes of the eigenmodes. Using a small number of eigenmodes the NBL dynamics can be reproduced with reasonable accuracy.
Finally, we perform an input-output analysis using the resolvent of the linearised Navier-Stokes operator. We compare resolvent response modes, which are computed in locally parallel framework, to the NBL wavepackets identified through SPOD. Results demonstrate that the resolvent modes describe the local features of the NBL structures with good accuracy.
The paper is organised as follows. We first introduce the large-eddy-simulation database used in the study. We then describe the analysis and modelling frameworks used. This is followed by a presentation of the results of the SPOD and linear stability analyses. The subsequent section presents the resolvent analysis, and the paper is completed with conclusions.
II. Numerical Database
We use a numerical database obtained from a high-fidelity large eddy simulation of a M=0.4 isothermal turbulent jet, using the compressible flow solver 'Charles' developed at Cascade Technologies. 15 This database is an extension of the previous work by Brès et al. 9 and validated for the same nozzle configuration at M=0.9. The Reynolds number based on mean jet exit velocity U j and the nozzle diameter D is,
5 . The cylindrical coordinate system is centered at the jet exit (0,0,0) in the computational domain that extends from -10D to 50D in the streamwise direction and spreads from 20D to 50D in the radial direction.
Wall modelling and near-wall adaptive mesh refinement are employed on the internal nozzle surface. 9 The near-wall resolution was chosen based on an initial estimate of the experimental nozzle-exit boundary-layer thickness, to yield approximately 10-20 LES cells in the developing boundary layer region. The resulting wall-normal grid spacing in wall units y + LES is of order O(70), and of order O(100) for the streamwise and azimuthal grid spacings for the present case. Therefore, the physics of the viscous sublayer is modelled with wall modelling, and the results in the (very) near-wall region should be considered with caution. However, the bulk of boundary layer dynamics, and in particular the large-scale structures that are as large as the boundary layer thickness are well resolved and accurately captured in the LES.
Synthetic turbulence boundary conditions are used at −2.8 < x/D < −2.5 on the internal nozzle surface, in order to replicate the boundary layer trip in the companion experiment;
9 this leads to turbulent boundarylayer profiles at the nozzle exit, in close agreement with the experimental results of Cavalieri et al. 4 An upstream position x/D = −2.8 bounds the streamwise extent of the available nozzle data upstream of the jet exit plane. The total simulation time is t sim = t * 
III. Spectral analysis and modelling

A. Spectral Proper Orthogonal Decomposition (SPOD)
We employ SPOD to educe coherent structures from the NBL and in the downstream region of the turbulent jet. SPOD provides an orthogonal basis of modes that are ranked according to their energy at a given frequency. The basis provides an optimal compression in terms of the fluctuation energy with respect to a specified norm. We perform SPOD by following the recipe provided by Towne et al., 14 and in what follows we briefly outline the procedure. Since the jet is periodic in azimuth, we first decompose the fluctuation field q(x, r, θ, t), containing flow
T , into its azimuthal components:
where m is azimuthal mode number andq m the associated modal amplitude. An assumption of ergodicity enables consideration of different temporal segments of the signal as statistically independent realisations of the jet. The time signal is partitioned into the 50% overlapping segments containing 256 snapshots, providing N b = 78 independent ensembles of the jet fluctuations. Then short-time Fourier transforms are applied to the segments of time series to obtain the temporal Fourier modesq mω . The current study is solely concerned with the axisymmetric component (m = 0) of the flow field, hence we drop the m in what follows.
To perform SPOD, Fourier realisations are first stored in a matrix Q ω for each frequency:
A global cross-spectral-density matrix S ω for given frequency is calculated as
Finally, SPOD modes are obtained through eigendecomposition of the weighted cross-spectral-density matrix:
Here, Ψ ω is the set of SPOD modes for angular frequency, ω and its i th column is the i th SPOD mode ψ i . The energies of the modes are contained in the diagonal eigenvalue matrix
. W is the weight matrix associated with the numerical integration and compressible energy norm 16 applied in the computation. SPOD modes satisfy the orthogonality relation under this weight, i.e:
B. Local linear spatial stability analysis of nozzle flow
Models based on linear theory have been used extensively to model wavepackets in turbulent jets. In these models, the linearised Navier Stokes equations are computed using the turbulent mean flow as a base flow. We implement such a modelling strategy in the nozzle.
In this paper we choose to use a simplified stability model, based on a two-dimensional, locally parallel, incompressible base flow. Under the assumption that mean flow is homogeneous in the streamwise direction x and in time t, wave-like perturbations take the form:
q(x, y, t) =q(y)e i(αx−ωt) (6) where
T is the vector of flow variables; streamwise and wall-normal velocities, and pressure. Substituting the perturbation ansatz into the incompressible Navier Stokes equations and linearising around the mean flow recasts the equations as generalised eigenvalue problem Lq = αFq, whose solution for given a Reynolds number Re and angular frequency ω yields eigenvectorsq = [ûvp]
T with corresponding eigenvalues α:
where α refers to the streamwise wavenumber. Due to the high Reynolds number of the flow, α 2 viscous terms are neglected, similarly to what was done by Rodriguez et al. 17 For a specified Re number and ω, spatial growth or decay is governed by the imaginary part of the wavenumber: if α i < 0 the disturbance will experience a growth in the positive x direction.
Chebyshev polynomials are used to discretise the domain, with a numerical grid spanning y = [−1, 1]. 601 Chebyshev collocation points were found to be sufficient for convergence of the free-stream and boundarylayer branches of the spectrum.
The above equations are completed with Dirichlet boundary conditionŝ u =v = 0 at y = 1 and y = −1.
We use the displacement thickness of the boundary-layer δ 1 and mean centreline velocity U x0 at a streamwise position x 0 as the characteristic length and velocity scales respectively, thus setting the Reynolds number as Re = U x0 δ 1 /ν = Re δ1 in the local stability analysis. With this Reynolds number as an input, we use the velocity function proposed by Monkewitz et al. 18 for zero pressure gradient turbulent boundary layer flows to fit the LES flow. In a compact form, the expression can be written as
where y + = u τ y/ν stands for dimensionless wall-normal distance in inner (viscous) units. The friction velocity u τ is computed through the analytical function proposed byÖsterlund et al. 19 as
where Re δ2 is the Reynolds number based on local momentum thickness, κ = 0.41 and C = 5.1. The analytical formulation leads to velocity profiles with well-behaved and smooth derivatives throughout the domain. Explicit expression of the velocity function can be found in Cossu et al. 20 A comparison between computed fit and the mean nozzle flow is shown in Figure 1 .
The scalings of velocity and angular frequency in the analysis can be recast in terms of above nondimensionalisation parameters as 
C. Modal decomposition of LES data
The LST eigenbasis is used to expand the leading SPOD mode aŝ
where a n is the complex amplitude of the stability eigenfunction,q x0 (r). which is a complex-valued coefficient. The amplitudes, a n are obtained by projection of the leading SPOD mode onto sets of linear modes. We follow the orthogonal projection methodology used by Passagia et al. 21 This consists in, for each frequency, orthonormalization of the non-orthogonal linear basis through a Gram-Schmidt procedure, projecting the data onto the orthonormal basis and obtaining corresponding amplitudes, and recovering the true amplitudes of the non-normal linear modes. The procedure is detailed in Alizard et al. 22 The number of linear modes required to characterise the leading SPOD mode is a central question to the analysis. We use different numbers of eigenmodes in the basis to make the projection, starting with single mode representation, followed by all of the boundary-layer modes, and finally adding modes from the free-stream branch. We denote these, respectively, as rank-1, 'Rank-BLB' and 'Rank-BLB+FS' truncations of the eigenbasis.
D. Resolvent analysis of nozzle flow
In locally parallel resolvent analysis, the system of incompressible Navier-Stokes equations are arranged in matrix form
wheref x andf y denote momentum forcing. The notation introduced in linear stability analysis is maintained. We furthermore introduce matrices B and C, which allows us to consider forcing only through momentum equations and that the associated response/outputŷ compromise solely velocity fluctuations, representing turbulent kinetic energy. The input-output system can written in compact form as
where L is the linearised incompressible Navier-stokes operator, andf stands for the unknown input/forcing. The matrices B and C are defined as
The relation between input and output can be established by introducing the resolvent operator R aŝ
The aim of the resolvent analysis is to obtain a forcing that maximise the norm of the associated response. This can be formulated via the Rayleigh quotient
where ||.|| W stands for the Euclidian norm under the induced weight W , which is a positive Hermitian matrix and is here identical for input and output spaces. Singular value decomposition of the weighted resolvent operator allows to obtain forcing-response modes that maximise the Rayleigh quotient
where * denotes the conjugate transpose, W 1/2 is computed through Cholesky decomposition of the weight
are the left and right singular vectors, and Σ is a diagonal matrix containing singular values Σ = diag(σ 1 , σ 2 , ...σ N ) in decreasing order.
Equation (20) can be rearranged to define forcing and response bases in terms of left and right singular vectors of the modified resolvent operator as
The response and forcing modes are orthonormal in their respective space
Equation (18), together with the newly introduced variables, can be rewritten into following final form:
which shows that if a forcingf = ϕ (1) is applied, the output is response mode amplified by the first singular value, i.eŷ = σ 1 ψ (1) . Thus we denote this forcing-response pair as optimal resolvent mode. The singular value, σ 1 , indicates the gain associated with the optimal forcing-response mode pair.
To employ the resolvent analysis, the computational domain, considered in the preceding linear stability analysis, is discretised using 401 Chebyshev collocation points. Dirichlet boundary conditions are employed for two velocity components at the wall, and the governing equations are similarly non-dimensionalised with the local displacement thickness and mean centerline velocity.
IV. Results
A. Coherent structures in the nozzle
In this section we present the results of SPOD analysis of turbulent jet. The weight matrix W in equation (4) allows the calculation of POD modes that optimally describe flow dynamics in specified region. Two choices are considered. We first attribute zero weight to the nozzle region, and seek modes that maximise the energy downstream of the jet exit. We denote these as 'Jet-Weighted' SPOD modes. Subsequently, we exclude the jet region to identify energy maximising modes in the nozzle, i.e. 'Nozzle-Weighted' SPOD modes. In addition to the SPOD analysis with the full data, we perform a convergence study by splitting the data into two subsets each containing half the number of available independent realisations. To assess convergence, we then compute normalised inner product β i,j between each SPOD mode ψ j of the full set and ψ i,j of subsets:
where the variables corresponding to each subset are denoted by i. Correlation coefficient β acquires values between 0 and 1, where β = 1 for a given SPOD mode indicates a satisfactory convergence, i.e the SPOD mode preserves its shape with increasing number of realisations.
23, 24
Figure 2 shows the correlation map obtained for varying frequencies. It demonstrates that both 'JetWeighted' and 'Nozzle-Weighted' SPOD analyses are reasonably converged as far as the leading modes are concerned, providing values of β larger than 0.8. In 'Nozzle-Weighted' SPOD, the level of agreement is preserved for the first two sub-optimal modes for most of the frequencies, whereas in 'Jet-Weighted' SPOD, the correlation is around 0.6-0.7 for first suboptimal modes, and drops abrutly to low levels for higher-order modes. The results altogether indicate that both SPOD analyses provide converged leading modes; it is these that are considered in the analysis throughout the paper. Figure 3 shows the leading 'Jet-Weighted' SPOD mode of streamwise velocity (m = 0) for different frequencies. Wavepackets are clearly present both in the NBL and the jet, indicating a coupling between these two regions. Similar boundary-layer structures have been observed in a turbulent flow over an airfoil by Abreu et al. 23 Reliable detection of structures proves to be difficult at low frequencies (e.g. St = 0.2), for which wavelengths exceed the length of the nozzle domain.
We now wish to determine whether the nozzle structures shown to be connected to jet wavepackets via 'Jet-Weighted' SPOD are also the most energetic NBL structures. Figure 4 compares the velocity fields of the leading 'Jet-Weighted' and 'Nozzle-Weighted' SPOD within the nozzle. Note that 'Jet-Weighted' SPOD modes are taken from Figure 3 . This comparison clearly shows high similarity between the two type of SPODs specifically for St > 0.2, suggesting that the leading SPOD modes within the nozzle, which are relevant to the downstream jet dynamics in terms of energy, are also the most-energetic nozzle structures.
In what follows, we consider linear stability theory (LST) to model the NBL structures educed by 'NozzleWeighted' SPOD, as the modes obtained by this SPOD are better converged than those educed by 'JetWeighted' SPOD. Hence the prefix 'Nozzle-Weighted' is dropped in the remainder of the paper. The analysis using 'Jet-Weighted' SPOD is not reported in the paper, but its results led to similar conclusions. 
B. Local spatial stability analysis of the nozzle mean flow
We here consider the two-dimensional incompressible linearised Navier-Stokes equations as a simplified model for the educed NBL structures. Figure 5 shows eigenspectra for varying St at streamwise position x/D = −1.5. These comprise two families of stable modes; free-stream modes, shown in blue, and boundary-layer modes, shown in red. Radial structure of eigenmodes from two branches is shown in Figure 6c . The 2D mean flow considered leads to symmetric and antisymmetric eigenmodes. Only the even modes are considered, as a surrogate for the axisymmetric modes of the NBL dynamics. The structures observed in the SPOD analysis are confined within the NBL, suggesting that the boundarylayer eigenmode branch is appropriate for their description. To assess the agreement between educed struc- tures and stability eigenmodes, we again define a similarity metric β, which is normalised inner product between discrete mode q i and the leading SPOD mode q pod . The eigenmodes are ranked according to their decay rate, with i = 1 the least-stable mode. The inner product and β are defined, respectively, as
Figure 6a presents the correlation map obtained, showing a close agreement between certain of the LST modes, particularly least stable modes (bottom row), and the data over a range of frequencies. Comparison between the data and the first three least-stable modes, shown in (Figure 6b ), shows how these have qualitatively similar structures. This is a first indication that LST may be a useful tool for description of the NBL structures shown earlier to be linked to jet wavepackets. In what follows, we aim to represent nozzle dynamics in terms of eigenmodes via projections.
C. Modal decomposition of the nozzle data
In this section, we reconstruct the leading SPOD mode of streamwise velocity using varying numbers of eigenmodes. The radial structure of the leading SPOD mode, can be written as a summation of eigenmodes asq We perform projections of the leading SPOD mode onto three truncated eigenbases of different rank to compute the modal amplitudes at x 0 = x/D = −1.5, as outlined in Section IIIC.
A rank-one description of the SPOD modes is first evaluated, by projecting on the least-stable mode of the boundary layer branch. We select three representative frequencies St = 0.2, 0.6, 1 to present the results. It can be seen in Figure 7 that single-mode representation provides a poor description of the data.
For a given frequency, we can reconstruct a perturbation field in terms of linear modes as We compare this field with the leading SPOD mode within the nozzle. Figure 8 shows, consistent with the poor agreement in radial structure shown in Figure 7 , that a single-mode reconstruction agrees poorly with the data for all the frequencies considered. Single mode expansions using other modes of the boundary layer branch lead to similarly poor agreement, suggesting that a superposition of eigenmodes may be necessary. A second low-rank description is obtained by projection on the eigenmodes of the boundary layer branch ('Rank-BLB' ). Agreement with the leading SPOD mode is now considerably improved, as shown in Figure 9 . The comparisons of the spatial reconstruction for three representative frequencies clearly show substantial agreement with the leading SPOD modes (Figure 10 ). This suggests that the NBL structures educed using SPOD are underpinned by non-modal dynamics.
Non-modal dynamics have been found to be important for wavepackets towards the end of potential core in turbulent jets, where streamwise evolution of wavepackets is underpinned by the Orr mechanism.
26 The Orr mechanism is also known to be responsable for non-modal growth of perturbations in the logarithmic layer of turbulent boundary layers. 27 Its characteristic signature is cycle of amplification followed by decay of the wall-normal/radial velocity fluctuations, and with an associated tilting of structures into the mean flow direction.
We therefore compare the SPOD mode and 'Rank-BLB' reconstructed wavepacket in terms of the streamwise evolution of wall-normal velocity. The comparison is shown in Figure 11 : PSD of wall-normal velocity at several radial positions r/D > 0.38 are shown. Globally, the evolution of the wall-normal velocity fluctuations, which exhibits growth and decay consistent with the Orr mechanism, is captured by the reconstruction using boundary-layer modes.
Finally, we include free-stream modes in the projection ('Rank-BLB+FS' ). With the contribution of these modes (Figure 12 and 13) , the agreement is further improved, as should be expected given that projection with the entire eigenbasis, which is complete, should result in an exact description of the data. However, comparison of the 'Rank-BLB' and 'Rank-BLB+FS' reconstructions shows how the essential details of the NBL structures have been captured by the former. This confirms that the coherent boundary layer structures, shown earlier to be connected to wavepackets in the jet, may be described with a low-rank, non-modal, stability model. It is therefore appropriate to place further analysis in a resolvent framework. The resolvent framework is appropriate for the description of coherent structures in systems whose eigenvalues are all stable. The dynamics are interpreted as being underpinned by external forcing that activates nonmodal mechanisms such as identified in the previous section. The external forcing may be associated with ambient noise, non-linear wave interactions, or background turbulence. We here perform a resolvent analysis of the turbulent mean flow within the nozzle. The framework is, again, 2D, locally parallel and incompressible. Singular value decomposition of the resolvent operator provides orthonormal forcing and response bases ranked according to a set of gains obtained as the singular values of the resolvent operator.
D. Local resolvent analysis of the nozzle mean flow
The local resolvent formulation requires an angular frequency -wavenumber pair, ω -α, to be specified. We first consider a set of wavenumbers associated with phase speed c p varying between 0.4 and 1.2 U j . Figure 14 shows the gains as function of phase speed for a selection of the frequencies considered earlier.
The gain curves show large peaks for disturbances with phase speed equal to the local mean jet-centerline velocity. This is associated with the possibility of generating large vortices in the extended free-stream region. These can achieve large fluctuation energy, simply on account of the large extent of the free-stream and the fact that such large vortices, feeling a higher effective Reynolds number, will be less damped by viscosity. These peaks are thus an artefact that we are not interested in, and that could be removed by the introduction of weights that would localise the resolvent analysis within the confines of the boundary layer. We also see that there is a significant gain separation between the optimal and sub-optimal modes. Finally, a broader peak is observed in the vicinity of c p = 0.7. The resolvent modes in this range are those of interest, as they correspond to activity within the boundary layer. These findings are similar to the observations by Abreu et al. 23 in the resolvent analysis of the turbulent boundary layer over an airfoil. Figure 15 shows how the phase speed of perturbations described by the leading SPOD mode have phase speed that varies across the boundary layer. This suggests a description in terms of multiple resolvent modes. We first compare the leading SPOD and resolvent response modes for phase speed associated with the largest gain. Note that this phase speed roughly corresponds to the value associated with the wall-normal We then employ projection of the leading SPOD mode on a rank-4 basis comprised of optimal response modes with varying phase speeds. Informed from Figure 15 , we include modes with phase speed equal to 15 of 18 0.7, 0.75, 0.8 and 0.85, and the comparisons are shown in Figure 18 and 19. Globally, the rank-4 resolvent model captures the local traits of the most energetic nozzle structures. Moreover, spatial reconstruction of a perturbation field compares favorably with the data, in which the structures tilt into the mean flow direction (Figure 20 ). Finally, optimal forcing fields are reconstructed in Figure 21 , where a tilting of the forcing modes against the mean shear, characteristic of the Orr mechanism, is evident. Similar tilted organisation of forcing modes have been reported downstream of the jet exit in a local resolvent analysis of the same turbulent jet by Tissot et al. 26 Taken together with the results of the LST analysis, the present resolvent analysis suggests that the coherent nozzle structures pertinent to downstream jet dynamics can be considered as optimal linear modes in response to forcing modes tilted against the mean-shear, that exploits the non-linearities in the turbulent flow. 
V. Conclusions
We have explored the dynamics of a turbulent nozzle boundary layer of a M=0.4 turbulent jet using high-fidelity LES. There were three goals: (1) to establish whether or not these dynamics are coupled to those of wavepackets in the jet; (2) to characterise the associated flow structures; and, (3) to propose a modelling framework.
SPOD was used to educe axisymmetric wavepackets both upstream and downstream of the jet exit plane. The analysis shows that the modes that optimally describe the downstream dynamics are coupled with the most energetic axisymmetric nozzle boundary-layer structures (NBL). The NBL structures educed using SPOD are tilted against the mean flow in the upstream regions, and rotate into the mean as they evolve towards the nozzle exit plane. This Orr-like behaviour is further confirmed by a radial velocity fluctuation that grows and then decays.
We perform a local stability analysis of the turbulent mean flow and find, by projecting the SPOD mode on a rank-1, 'Rank-BLB' and 'Rank-BLB+FS' , truncations of the eigenbasis, that the salients traits of the NBL structures can be captured by the 'Rank-BLB' truncation, comprised of modes of the boundary layer branch of the eigenspectrum. This further confirms the non-modal character of the educed structures.
This suggests the use of a resolvent framework for modelling of the dynamics, and so we perform a locally parallel resolvent analysis. This shows that the essential features of the educed NBL structures can be described by a small number of optimal resolvent response modes. The associated forcing is found, again consistent with the Orr mechanism, to be inclined against the mean flow.
